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We present a complete data-processing procedure for quantitative reconstruction of three-dimensional
(3D) refractive index fields from limited multidirectional interferometric data. The proposed procedure
includes two parts: (1) extraction of the projection data from limited multidirectional interferograms by a
regularized phase-tracking technique and wavefront fitting and (2) reconstruction of the 3D refractive
index fields by a modified polynomial approximation method. It has been shown that the procedure gives
a satisfactory solution to the reconstruction issue in interferometric tomography, from the initial projec-
tion data extraction to the final image reconstruction. Computer simulation and experimental results are
both presented. © 2011 Optical Society of America
OCIS codes: 280.2490, 100.5070, 100.6950, 120.3180.

1. Introduction

Interferometric tomography has been demonstrated
to be a powerful diagnostic tool for high-speed
aerodynamic flows because it is nonintrusive, instan-
taneous, and offers large-scale measurement [1–6].
In this technique, interferometers, such as Mach–
Zehnder or holographic interferometers, are usually
employed to record multidirectional interferograms,
which are phase modulated by the changes in optical
path length of the rays passing through the transpar-
ent fields to be measured and can be formulated as

Iðu; v; θkÞ ¼ aðu; v; θkÞ þ bðu; v; θkÞ
× cos½2π · ϕðu; v; θkÞ=λ� þ nðu; v; θkÞ; ð1Þ

where u and v are the coordinates of the interfero-
gram, θk is the kth projection angle, Iðu; v; θkÞ is the

recorded irradiance of the kth view, aðu; v; θkÞ and
bðu; v; θkÞ are the background and the modulation
terms, respectively, λ is the wavelength, ϕðu; v; θkÞ is
the modulated phase (in the unit of wavelength) of
the kth view, and nðu; v; θkÞ is independent additional
noise. By extracting the multidirectional phase infor-
mation ϕðu; v; θÞ from interferograms of different
views and removing the unwanted artifacts, we may
obtain the multidirectional projection data gðu; v; θÞ
and finally use it for the tomographic reconstruction.

To reconstruct a three-dimensional (3D) refractive
index field f ðx; y; zÞ, it is convenient to consider the
reconstruction of its arbitrary two-dimensional
(2D) slices f ðx; y; ziÞ, where i ¼ 1; 2;…; I and I is the
total number of slices. In interferometry, the one-
dimensional (1D) projections gðρ; θk; ziÞ of the 2D
slices f ðx; y; ziÞ (see Fig. 1) can be written as

gðρ; θk; ziÞ ¼
Z
l
f ðx; y; ziÞdl; ð2Þ0003-6935/11/356495-10$15.00/0
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where θk is the kth projection angle from the positive
x axis, ρ is the distance between the inclined ray l and
the origin, f ðx; y; ziÞ ¼ nðx; y; ziÞ − n0 is the difference
between the refractive index field nðx; y; ziÞ to be
measured and its reference n0, and the integral is
evaluated along the ray path l. In general, rays that
pass through the refractive index field will be re-
fracted and travel in curved lines. However, the effect
is minor and can be neglected for weakly refracting
fields [2]. In this way, Eq. (2) may be directly consid-
ered as the Radon transform [7] of the field f ðx; y; ziÞ.
Provided with enough projection views evenly spaced
from 0° to 180°, tomographic reconstruction of the 2D
field f ðx; y; ziÞ can be easily achieved using standard
reconstruction algorithms [7].

The reconstruction procedure mentioned above
for interferometric tomography seems easy. How-
ever, accurate and quantitative reconstruction of the
3D field f ðx; y; zÞ from limited multidirectional inter-
ferometeric data is difficult in practice. The main
reason is due to the difficulties in (1) accurate phase
ϕðu; v; θÞ or absolute projection data gðu; v; θÞ retrie-
val from single interferograms Iðu; v; θÞ and (2) tomo-
graphic reconstruction of the 3D field f ðx; y; zÞ from
the extracted, limited projection data gðu; v; θÞ.

In interferometric tomography, phase retrieval
from single interferograms is the first step of the
reconstruction process [8,9]. There are a number of
techniques that can be utilized to extract the multi-
directional phase ϕðu; v; θÞ from the interferograms
Iðu; v; θÞ. Among them, the phase-stepping method
[10], which has the advantages of simplicity and high
accuracy, is one of the most reliable. However, it
requires at least three phase-shifted interferograms
to give the correct phase map and will not work for
single interferograms in interferometric tomography.
Alternatively, the well-known Fourier transform
technique [11] may be used to estimate the phase of
single interferograms. However, it needs to introduce
a large carrier to the interferogram to keep fringes
open and, furthermore, the aperture of the interfer-
ogram may cause errors. These characteristics make
it not suitable for application in interferometric to-
mography where interferograms with irregular aper-
tures due to obstruction may frequently occur. The

fringe tracking technique [9], which is robust to noise
for interferograms, may serve as another choice for
interferometric phase extraction. However, it may
lose information during fringe binarization, thin-
ning, and skeletonizing and is, therefore, inaccurate.

On the other hand, the choice of tomographic
algorithm is also crucial to the successful reconstruc-
tion from limited and incomplete projection data in
interferometric tomography. Many tomographic re-
construction algorithms for limited-data computer
tomography are available and generally fall into two
groups, which are analytical reconstruction methods
and algebraic reconstruction methods [7,12–14]. The
analytical reconstruction methods, which are based
on the direct inversion of the Radon transform, are
fast and computationally efficient but require a large
number of projections. The algebraic reconstruc-
tion techniques (ARTs) [15,16], which solve a set of
equations using an iterative scheme, normally need
fewer projection views and are effective to deal with
incomplete-data cases, but they lack accuracy and
speed of implementation.

In this paper, we focus on the two nodi mentioned
above and propose their corresponding solutions
based on two techniques, which are regularized
phase tracking (RPT) and the polynomial approxima-
tion method (PAM). The RPT technique, first pro-
posed by Servin et al. [17,18], is a robust algorithm
that can accurately recover the phase from single
open- and closed-fringe interferograms with irregu-
lar apertures and may find its use in interferometric
tomography. The PAM [19,20], which uses orthogonal
polynomials, such as Zernike polynomials, to ap-
proximate the image function to be reconstructed,
is a fast, noniterative tomographic reconstruction
method. Since it generally requires few projection
views and can give satisfying results using limited
data, it is supposed to be useful in interferometric
tomography. The combination of the two techniques
gives a new solution to the reconstruction issues in
interferometric tomography.

2. Theoretical Considerations

A. Extraction of Multidirectional Interferometric Projection
Data

1. Phase Retrieval by Use of the Regularized
Phase-Tracking Technique

Phase retrieval from single interferograms is math-
ematically ill-posed because no unique solution ex-
ists [18]. However, the problem can be solved if
a priori smoothness constraint about the phase being
detected is incorporated. Servin et al. [18] utilized
this fact and developed the RPT technique, which
regularizes the phase retrieval problem by finding
a cost function that relates to two facts: (1) the fide-
lity between the estimated function and the observa-
tion and (2) the smoothness of the modulated phase.
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Fig. 1. (Color online) Incomplete projection of a field f ðx; y; ziÞ
with an obstruction region.
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It is assumed that the estimated phase is the one
that minimizes the cost function.

In the RPT system, the fringe pattern is considered
to be locally monochromatic and the phase within a
small neighborhood Nu;v can be fitted by a plane or a
quadratic surface [21–23]. In this way, the energy at
the site ðu; vÞ in the RPT system can be represented
by a cost function according to the two constraints
mentioned above, which is given as

Uu;vðϕ0;ωu;ωv; θkÞ
¼

X
ðε;ηÞ∈ðNu;v∩LÞ

ðf½Inðε; η; θkÞ − cos½ϕðε; η;u; v; θkÞ�g2

þ f½Inðε; η; θkÞ − cos½ϕðε; η;u; v; θkÞ þ α�g2
þ β½ϕ0ðε; η; θkÞ − ϕðε; η;u; v; θkÞ�2mðε; η; θkÞÞ;

ð3Þ

where L is the 2D lattice that has valid data, Nu;v is
the constraint neighborhood around the site ðu; vÞ,
α is a constant phase shift that generally ranges
from 0:1π to 0:3π, mðε; η; θkÞ is an indicator field
that equals 1 if the site ðε; ηÞ has been visited and
0 otherwise, and β is a regularization parameter
that controls the smoothness and continuity of the
phase being detected. The normalized irradiance
Inðu; v; θkÞ [24] of Iðu; v; θkÞ and the linear phase are
given by

Inðu; v; θkÞ ≈ cos½ϕðu; v; θkÞ�; ð4Þ

ϕðε; η;u; v; θkÞ ¼ ϕ0ðu; v; θkÞ þ ½ωuðu; v; θkÞðε − uÞ
þ ωvðu; v; θkÞðη − vÞ�; ð5Þ

where ωu and ωv are local spatial frequencies along
the u and v axis, respectively.

From Eq. (3), we may see that the first term tries
to keep the irradiance of the local fringe as close to
the observed irradiance as possible in a least-square
sense within the neighborhood Nu;v, the second term
is a phase shift term that helps to discriminate the
smoothest modulating phase from several closely
competing solutions and increases the robustness,
and the last term is a regularization term that en-
forces the continuity and smoothness of the phase.

To demodulate the fringe pattern in Eq. (1), a
simple gradient descent algorithm may be used to
minimize the cost function Uu;v [Eq. (3)] with respect
to the solution vector sðu; v; θkÞ ¼ ½ϕ0;ωu;ωv�T at each
site ðu; vÞ; that is,

skþ1 ¼ sk − τ∇sUu;v; ð6Þ
where k is the iteration number, τ is the step length,
and ∇s is the gradient of Uu;v with respect to the
three components of s; that is,

∇sUu;v ¼
�
∂Uu;v

∂ϕ0
;
∂Uu;v

∂ωu
;
∂Uu;v

∂ωv

�
: ð7Þ

To start the demodulation process, we may first
choose a seed site ðu0; v0Þ inside L and initialize
its solution s to 0 to enable the optimization. Once
the optimization for the seed site is complete, mark
the indicator field mðu0; v0; θkÞ as 1 and repeat the
process for adjacent untreated sites using predefined
scanning strategies, such as the fringe-following
scheme in [17] until all points inside L are visited.
To reduce the distortion introduced by the phase
shift α, additional iterations by setting α ¼ 0 may
be performed to refine the coarse phase.

Since the RPT is a phase propagation algorithm
from pixel to pixel, the phase demodulation results
of a point ðu; vÞ will only relate to its small neighbor-
hood Nu;v. This unique feature makes it insensi-
tive to the boundaries of the interferograms to be
processed and applicable to phase retrieval from sin-
gle interferograms with irregular apertures in inter-
ferometric tomography (it may not be appropriate
for very complicated interferograms that are not well
resolved).

Generally speaking, the extracted multidirectional
phase ϕðu; v; θÞ does not directly represent the de-
sired projection data gðu; v; θÞ but contains some un-
wanted artifacts, such as tilts in the interferometer.
To proceed for further analysis, it is necessary to re-
move them using a wavefront fitting procedure [25].

2. Projection Data Extraction by Use of the
Wavefront Fitting Process

The wavefront ϕðu; v; θkÞ at each point can be written
as

ϕðu; v; θkÞ ¼ g0ðu; v; θkÞ þ Aþ Buþ Cv; ð8Þ
where ϕðu; v; θkÞ is the recovered 2D phase of the kth
view at the point ðu; vÞ within the aperture L and
g0ðu; v; θkÞ is the relative 2D projection data with
the piston term (A), x and/or y tilts (B and/or C) re-
moved. To find the phase g0ðu; v; θkÞ, we should first
find the coefficients A, B, and/or C and subtract them
from ϕðu; v; θkÞ. These coefficients can be estimated
by minimizing ϕðu; v; θkÞ with respect to A, B, and/or
C in a least-square sense at all points within the
aperture L; that is,

Δ ¼
X
u;v∈L

½ϕðu; v; θkÞ − A − Bu − Cv�2: ð9Þ

The inverse matrix method [25] can be used to
evaluate Eq. (9) to find these coefficients. For conve-
nience, Eq. (9) may be written in an alternative form;
that is,

Aþ Buþ Cv ≈ ϕðu; v; θkÞ: ð10Þ
By writing Eq. (10) in a matrix form and replacing ≈

with ¼, we get
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Za ¼ ϕ: ð11Þ

where Z ¼ ½1;u; v� is a matrix that contains the
piston and tilt terms, a ¼ ½A;B;C�T is the coefficient
matrix and ϕ is the discrete phase recovered by the
RPT. In general, the coefficients in Eq. (11) can be
estimated by direct inversion

a ¼ ZþΦ ð12Þ

where Zþ is the pseudoinverse matrix of Z. After the
calculation of the coefficients A, B, and/or C, they can
be substituted back into Eq. (8) to give an estimate of
the relative projection data g0ðx; y; θkÞ. One should be
very clear that g0ðx; y; θkÞ are correct only in a relative
sense and must be converted to absolute projections
gðx; y; θkÞ for further tomographic reconstruction
[26]. This can be generally achieved by incorporating
some a priori information, such as reference (undis-
turbed) fringes (see the examples below).

B. Reconstruction of 3D Refractive Index Fields by Use of
a Modified Polynomial Approximation Method

As soon as the absolute projection data gðu; v; θkÞ of
all views is extracted by using the RPT and wave-
front fitting techniques, we may use a modified PAM
[19,20] to reconstruct the 2D sections f ðx; y; ziÞ of the
3D refractive index field f ðx; y; zÞ. The main idea of
the PAM is to approximate the unknown function
f ðx; y; ziÞ by orthogonal polynomials based on a priori
smoothness knowledge and then estimate the expan-
sion coefficients. It is particularly useful for the re-
construction of smooth images.

Assuming that the 2D field f ðx; y; ziÞ to be recov-
ered is continuous, we may find an approximation
function ~f ðx; yÞ of it, which can be written as a linear
combination ofN terms of orthogonal polynomials up
to an order n; that is,

f ðx; y; ziÞ ≅ ~f ðx; yÞ ¼
XN
j¼1

ψ jðx; yÞcj; ð13Þ

where cj are the expansion coefficients. If we do
Radon transform on both sides, we get

XN
j¼1

Ψjðρ; θk; ziÞcj ¼ gðρ; θk; ziÞ; ð14Þ

where Ψjðρ; θk; ziÞ ¼ R½ψ jðx; yÞ�. The Zernike polyno-
mials [27], which are orthogonal on a unit disk, are
used in this paper. When written in polar coordi-
nates, they can be formulated as

ψevenj ¼ ½2ðnþ 1Þ�1=2Rm
n ðρÞ cosmθ

ψoddj ¼ ½2ðnþ 1Þ�1=2Rm
n ðρÞ sinmθ

�
m ≠ 0

ψ j ¼ ½ðnþ 1Þ�1=2Rm
n ðρÞ m ¼ 0

9>=
>;;

ð15Þ

where j is a mode ordering number and the radial
polynomials

Rm
n ðρÞ ¼

Xðn−mÞ=2

s¼0

ð−1Þsðn − sÞ!
s!½ðnþmÞ=2 − s�!½ðn −mÞ=2 − s�! ρ

n−2s;

ð16Þ
where the indices n and m are radial degree and the
azimuthal frequency, respectively, and satisfy m ≤ n,
n − jmj ¼ even. Using the index scheme in [10], the
total number of terms N up to an order n is given by
N ¼ ðnþ 1Þðnþ 2Þ=2. For more details about the
Zernike polynomials, one may refer to [10,27].

After discretization, Eq. (14) can be written as

Ψc ¼ g; ð17Þ

where c ¼ ½ c1 c2 � � � cN �T are the expansion coef-
ficients, g ¼ ½ g1 g2 � � � gM �T are the projection
data of all views for the section i, M is the total num-
ber of rays,

Ψ ¼

2
6664
Ψ1;1 Ψ1;1 � � � Ψ1;N

Ψ2;1 Ψ2;1 � � � Ψ2;N

..

. ..
. � � � ..

.

ΨM;1 ΨM;1 � � � ΨM;N

3
7775;

and its elementΨmj ¼ ωmψj ¼
P

P
p¼1 ωmpψjp, ωmp are

the length of the mth ray in the pth grid, ψjp are the
values of the basis functions ψj in the pth grid and P
is the total number of grids.

We use the truncated singular value decomposi-
tion (SVD) method [13,28] to determine the expan-
sion coefficients c. Mathematically, the SVD of the
coefficient matrix Ψ can be represented as

Ψ ¼ UΣVT ; ð18Þ
where U ∈ RM×M and V ∈ RN×N are both orthogonal
matrices, and Σ ∈ RM×N is a diagonal matrix whose
diagonal elements σ are the singular values. Accord-
ing to Eqs. (17) and (18), the expansion coefficients c
of the function f ðx; y; ziÞ are given by

c ¼ VΣþUTg; ð19Þ
where Σþ ∈ RN×M is the pseudoinverse of the matrix
Σ and its diagonal elements σþ are defined as

σþi ¼
�
1=σi; when σi > τσmax
0; else ; ð20Þ

where i ¼ 1; 2;…;minðM;NÞ, σmax is the maximum
singular values of the coefficient matrix Ψ and τ is
a truncation parameter that controls error.

In the PAM, one should be cautious of the choice of
the basis functions ψ jðx; yÞ because they directly re-
late to the ill-conditioning of the problem [19]. In its
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original version, we recommend the orthogonal poly-
nomials as the basis functions due to the fact that
they can generally improve the behavior of the pro-
blem. However, we found that the coefficient matrix
Ψ is still ill-conditioned when high-order orthogonal
polynomials are employed. The situation becomes
more severe when the number of data points is small
and/or the valid aperture is not circular (for Zernike
polynomials) or rectangular (for Chebyshev polyno-
mials). To improve the situation, we may utilize the
Gram–Schmidt orthogonalization process [10] to cre-
ate a set of polynomials V that are orthogonal on the
discrete irregular aperture L. The orthogonalization
process can be expressed as

ξr ¼ ψr þ
Xr−1
s¼1

Drsξs; ð21Þ

where ξ1 ¼ ψ1, r ¼ 2; 3;…;N, ψ j are the orthogonal
polynomials, ξj are the constructed orthogonal poly-
nomials, and D are the conversion coefficients, which
can be calculated by

Drs ¼ −
X
L

ψrξs
�X

L

ξ2s : ð22Þ

Once the coefficients are computed using the pro-
cess above, they may be immediately substituted
back into Eq. (13) to yield an estimate of the true
2D field f ðx; y; ziÞ. By applying the same process to
other slices along the z axis, the 3D refractive index

field f ðx; y; zÞ [i.e., f ðx; y; z1Þ; f ðx; y; z2Þ;…; f ðx; y; zIÞ]
can be finally reconstructed.

In summary, we present a complete procedure for
the reconstruction of 3D refractive index fields
f ðx; y; zÞ. The procedure includes two parts: using the
RPT and wavefront fitting techniques to extract the
absolute projection data gðu; v; θÞ from the collected
multidirectional interferograms Iðu; v; θÞ and the
modified PAM to reconstruct the 3D fields f ðx; y; zÞ
from gðu; v; θÞ. The flow chart of the whole procedure
is sketched in Fig. 2.

3. Computer Simulation and Experimental Results

To verify the effectiveness of the proposed procedure
for the reconstruction issue in interferometric tomo-
graphy, a computer simulation and an experiment
were carried out. The final reconstruction results of
the PAM were compared with the well-known ART
and filtered backprojection (FBP).

We first synthesized a 256 × 256 × 256 pixel 3D
asymmetric field with an opaque object inside to
simulate the relative refractive index field f ðx; y; zÞ
[Fig. 3(a)], which has the following form:

f ðx; y; zÞ ¼ 0:05 × fexp½−ðxþ 0:8Þ2 − ðy − 0:8Þ2�
þ 0:6 exp½−1:8ðxþ 1Þ2 − 1:8ðyþ 1:5Þ2�
þ 0:8 exp½−1:5ðx − 1Þ2 − 1:5y2�g
×maskðx; y; zÞ; ð23Þ

where −3 ≤ x; y ≤ 3, −3 ≤ z ≤ −0:1, and mask is an
obstruction function and can be written as

Fig. 2. Flow chart of the proposed procedure for interferometric tomography. K and I are the total number of projection views and slices,
respectively.
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maskðx; y; zÞ ¼
�
1; if ½ðx2 þ y2Þ=0:3�1=2 þ z ≥ 0 and ðx2 þ y2Þ1=2 ≤ 3
nan; else

; ð24Þ

where nan means that the region has no data and,
therefore, rays cannot pass through. We projected
the field f ðx; y; zÞ (i.e., did Radon transform of
f ðx; y; zÞ by calculating the line integral) for 10
equally spaced views (K ¼ 10), covering the entire
angle of 180° with 256 rays each view, and obtained
the corresponding projection data. In order to simu-
late actual situations more realistically, a tilt term
and phase noise ranging from −0:2π to 0:2π rad were
added to the calculated projections and 10 noisy in-
terferograms Iðu; v; θÞ were thus generated, three
of which (i.e., θ1 ¼ 0°, θ6 ¼ 90°, and θ10 ¼ 162°) are
shown in Figs. 3(b)–3(d), respectively. To reconstruct
the original 3D refractive index field f ðx; y; zÞ from
the simulated 10 interferograms Iðu; v; θÞ in turn, we
have to extract the absolute projection data gðu; v; θÞ
from Iðu; v; θÞ. For this purpose, the RPT technique
and wavefront fitting process (with u and v tilts
removed) in Subsection 2.A were applied to the 10
interferograms to give the relative projection data
g0ðu; v; θÞ. Since the interferograms have undisturbed
regions [upper and lower edges of Figs. 3(b)–3(d)] and
the fringes are continuous, we obtained the absolute
projection data gðu; v; θÞ by simply subtracting a con-
stant [integer multiples of wavelength λ, see Eq. (1)]
from g0ðu; v; θÞ. The constant was determined based

on the fact that the projection data at the edges
should be zero (the fringes are not disturbed).
The final extracted 2D absolute projection data of
Figs. 3(b)–3(d) are shown in Figs. 3(e)–3(g), respec-
tively. In the RPT, we first used a constant phase
shift α ¼ 0:2π rad and a neighborhood Nu;v ¼ 7 × 7
pixels to give the coarse phase and then refined it
by setting α ¼ 0.

Since the estimated multidirectional projection
data gðu; v; θÞ is two dimensional and corresponds to
all sections of the 3D field f ðx; y; zÞ [i.e., f ðx; y; ziÞ],
we found the 1D line projection of each view corre-
sponding to the single sections f ðx; y; ziÞ we are inter-
ested in by extracting the 1D data gðρ; θk; ziÞ from
gðu; v; θkÞ. After that, we used the PAM to reconstruct
the images f ðx; y; ziÞ. Figure 4 shows the entire recon-
struction results of the sections i ¼ 1, 128, and 256 of
the refractive field f ðx; y; ziÞ and their comparisons
with those by the ART. The images in the first and
second rows of Fig. 4 are the 1D projection data of
the 10 views and the reconstructed 2D refractive
index fields by the PAM of the three sections, respec-
tively. Here the Zernike polynomials up to 10 orders
and a truncation parameter τ ¼ 0:01 were used and
no additional Gram–Schmidt orthogonalization pro-
cess was applied. To compare the reconstruction

Fig. 3. (Color online) Simulated 3D refractive index field and extracted projections by the RPT: (a) original field f ðx; y; zÞ; (b), (c), and
(d) projected noisy interferograms Iðu; v; θkÞ of (a) of views θ1 ¼ 0°, θ6 ¼ 90° and θ10 ¼ 162°; (e), (f), and (g) extracted absolute projection
data gðu; v; θkÞ from (b), (c), and (d) by use of the RPT and wavefront fitting techniques, respectively.
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results of the PAM, we also reconstructed the same
three sections by use of the ART and gave the corre-
sponding results (smoothed by a 5 × 5 pixels window)
in the third row of Fig. 4. In the ART, the initial
guess, relaxation parameter, and total number of
iterations are set to 0, 0.3, and 50, respectively. The
fourth row of Fig. 4 shows the true fields of the same
three sections. From these, we may see that the PAM
gives more smooth and accurate images than the
traditional ART. Finally, the last row of Fig. 4 shows
the reconstructed 3D refractive index fields by the
PAM and ART [the reader may compare them with
Fig. 3(a)]. For the purpose of comparison, the images
from the second to the fifth rows of Fig. 4 were all
plotted under the same scale (see the color bar).

Besides the computer simulation, we also tested
the proposed procedure by applying it to experimen-
tal data (see Figs. 5–7). In this example, a Mach–
Zehnder interferometer [5] was employed to record
the 3D refractive index field around a rotationally
symmetric blunted cone, which was held at a zero
angle of attack in a supersonic wind tunnel (Fig. 5).
Since the flow field is axis symmetric for this case,
only a one-directional interferogram was acquired
and it is enough for the 3D refractive index field re-
construction. The upper part of the collected interfer-
ogram with 280 × 583 pixels is shown in Fig. 6(a). As
we are only interested in the shock wave zone (i.e.,
region of interest) around the model, the interfero-
gram [Fig. 6(b)] wasmasked for simplicity. After that,

Fig. 4. (Color online) Reconstruction of the 3D refractive index field by the PAM and ART. First row: extracted multidirectional
1D projection data gðρ; θk; ziÞ for the sections i ¼ 1, 128, and 256 (from left to right). Second and third rows: reconstructed 2D fields
f ðx; y; ziÞ for the same three sections by the PAM and ART, respectively. Fourth row: true fields for the three sections. Last row: recon-
structed 3D refractive index fields by the PAM (left) and ART (right), respectively. Note that the images from the second to the fifth rows
were all plotted under the same scale.
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we applied the RPT technique and the wavefront
fitting process (with u tilt removed) to the region
of interest and obtained the phase data ϕðu; v; θÞ
and the relative projection data g0ðu; v; θÞ. Although
reference fringes are present in this case, it is
difficult to determine the absolute projection data
gðu; v; θÞ because the disturbed fringes (in the shock
wave zone) and the reference ones are not continu-
ous. In other words, the offset between gðu; v; θÞ and
g0ðu; v; θÞ is unknown. Similar to the experiment pre-
sented above, here we simply subtract a constant
[integer multiples of wavelength λ; see Eq. (1)] from
g0ðu; v; θÞ so that the values of gðu; v; θÞ are nonnega-
tive. The retrieved phase ϕðu; v; θÞ and the final de-
termined “absolute” projection gðu; v; θÞ are shown in
Figs. 6(c) and 6(d), respectively. From Fig. 6(d) we
may see an obvious gradient of the projection, which
indicates that there must be dramatic changes in the
refractive index field to be reconstructed. In the de-
modulation process by the RPT, a constant phase
shift α ¼ 0:3π rad and a neighborhood Nu;v ¼ 9 × 9
pixels were used.

The extracted projection data gðu; v; θÞ reflects only
half of the refractive index field and we extrapolated
the complete projection data for the reconstruction of

the entire field f ðx; y; zÞ by treating it symmetrically.
The first row of Fig. 7 shows the 1D projections for
the sections i ¼ 80, 320, and 550, respectively. The
second row of Fig. 7 is the correspondingly recon-
structed fields for the three sections by use of the
modified PAM with an orthogonalization process.
Here the Zernike polynomials up to 15 orders and
a truncation parameter τ ¼ 0 were used for all three
sections. From these results, we may see that the re-
fractive index fields change more dramatically and
their values become greater with the decrease in the
size of the shock wave region (i.e., from the section
i ¼ 80 to i ¼ 550). To verify the results further, we
reconstructed the same three sections using the
ART and FBP and showed the corresponding results
(both smoothed by a 5 × 5 pixel window) in the third
and fourth rows of Fig. 7. In the ART, the initial
guess, relaxation parameter, and total number of
iterations are set to 0, 0.3, and 50, respectively, and
in the FBP, the Ram–Lak filter was employed to filter
the projection data. Both methods were implemented
according to [7] and no other constraints were im-
posed. Note that, since the fields reconstructed by
the PAM are represented by a series of orthogonal
polynomials, no averaging process was applied. The
images in the fifth row of Fig. 7 are the middle pro-
files of the reconstructed fields of the sections i ¼ 80,
320, and 550 by use of the PAM, ART, and FBP, re-
spectively. From the images in the second to the fifth
rows in Fig. 7, we may see that the results yielded
by the three methods agree well with each other.
Finally, the 3D refractive index fields (i.e., sections
i ¼ 80, 320, and 550) reconstructed by the three
methods are shown in the last row of Fig. 7. It should
be noted that, here, the reconstructed refractive in-
dex fields f ðx; y; ziÞwere all calculated with respect to
grids. We may use the following expression to obtain
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Beam splitter
Mirror

Mirror

Model

Incomplete 
interferograms
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v w
Fig. 5. (Color online) Mach–Zehnder interferometer for flow
diagnosis in supersonic wind tunnel.

Fig. 6. (Color online) Projection data extraction from an experimental interferogram: (a) upper part of an experimental fringe pattern
Iðu; v; θÞ, (b) masked image of (a), (c) recovered phase ϕðu; v; θÞ of (b) by the RPT, and (d) extracted “absolute” projection data gðu; v; θÞ
from (c).
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the absolute distribution f aðx; y; zÞ of the refractive
index field [Eq. (2)]; that is,

f aðx; y; zÞ ¼ λf ðx; y; zÞ=d; ð25Þ

where λ is the wavelength and d is the physical
length of each grid.

4. Conclusion

The proposed data-processing procedure for quanti-
tative reconstruction of 3D refractive index fields
consists of two steps. We first employ the RPT tech-
nique to retrieve the phase ϕðu; v; θkÞ from single in-
terferograms Iðu; v; θkÞ of different views and remove
the unwanted artifacts through a wavefront fitting
process to obtain the multidirectional 2D interfero-
metric projection data g0ðu; v; θÞ. Since g0ðu; v; θÞ is

Fig. 7. (Color online) Reconstruction of the 3D refractive index field f ðx; y; zÞ. First row: extracted 1D projection data gðρ; θ; ziÞ for the
sections i ¼ 80, 320, and 550 (from left to right). Second, third, and fourth rows: reconstructed 2D fields f ðx; y; ziÞ for the same three sections
by the PAM, ART, and FBP, respectively. Fifth row: intermediate profiles of the reconstructed fields of the three sections by the three
methods. Last row: reconstructed 3D refractive index fields by the PAM (left), ART (middle), and FBP (right), respectively. Note that
the images in the second, third, fourth, and last rows were all plotted under the same scale.
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the relative projection data, a priori knowledge may
be incorporated to obtain the desired absolute projec-
tions gðu; v; θÞ. After that, we collect the 1D projection
data gðρ; θk; ziÞ of different views (i.e., k ¼ 1; 2;…;K)
for single sections zi and utilize the modified PAM to
reconstruct the corresponding refractive index fields
f ðx; y; ziÞ. The two steps are quite robust and consti-
tute a new solution to the reconstruction issue of 3D
refractive index fields from limited interferometric
data (see Figs. 3–7). Since the refractive index is
closely related to other physical properties of the
flow [4], such as density and temperature, the data-
processing procedure also provides support for the
density and temperature measurements.
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