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We propose a polynomial approximation method (PAM) for reconstruction of three-dimensional
refractive index ﬁelds by interferometric tomography using limited data. Based on the assumption
that the ﬁelds to be reconstructed are usually smooth and can be decomposed into a ﬁnite order of
(orthogonal) polynomials, a set of linear equations can be constructed using both the measured
projection data and the Radon transform of the basis functions. By solving these equations, the leastsquares solutions of expansion coefﬁcients can be obtained and then substituted back to yield the
desired ﬁelds. Numerical results have demonstrated that the proposed method is fast, robust to noise
and can achieve satisfactory results for refractive index ﬁelds with limited projection views and large
opaque objects.
& 2011 Elsevier Ltd. All rights reserved.
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1. Introduction
Interferometric tomography has been demonstrated to be a
powerful diagnostic technique for high-speed aerodynamic ﬂows
due to its advantages of nonintrusive and instantaneous measurement [1–7]. In this technique, interferometers [8,9] such as
Mach–Zehnder interferometer or holographic interferometer are
usually employed to record multidirectional interferograms that
are phase modulated by the changes in optical pathlength of the
rays passing through the ﬂow ﬁelds. Extracting the phase information from the recorded interferograms [10–13], the projection
data can be obtained and thus used for three-dimensional
refractive index ﬁelds reconstruction.
To reconstruct a three-dimensional refractive index ﬁeld
f(x,y,z), it is convenient to consider the reconstruction of its
arbitrary two-dimensional slice f(x,y). In interferometry, the
optical pathlength g(s,y) of a ray inclined at angle y from the
y-axis and at a distance s from the origin (Fig. 1) can be written as
Z
ð1Þ
gðs, yÞ ¼ f ðx,yÞdl
l

where f(x,y) ¼n(x,y)  n0 is the difference between the ﬁeld n(x,y)
to be measured and its reference n0 and the integral is evaluated
along the ray path l. In general, the rays that pass through the
refractive index ﬁeld will be refracted and travel in curved lines.
However, for weakly refracting ﬁelds, the effect is minor and can
n
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be neglected [2]. In this way, Eq. (1) may be directly considered as
the Radon transform (RT) [14] of the ﬁeld f(x,y), which is the
mathematical foundation of Computed Tomography (CT).
Generally, tomographic reconstruction of the ﬁeld f(x,y) can be
realized if the inverse Radon transform (IRT) of Eq. (1) is solvable.
Provided with enough projection views evenly spaced from 01 to
1801, the IRT can be obtained using standard algorithms [14].
However, in interferometric tomography, the number of views is
usually limited and the projection data of each view is probably
incomplete due to constraints of the enclosures and opaque
objects, which we call limited-data situations. For these cases,
reconstruction of the ﬁeld f(x,y) from limited data that is mathematically ill-posed is required.
Tomographic reconstruction methods for limited-data situations
generally fall into two groups, namely, analytical reconstruction
methods and algebraic reconstruction methods [14]. The analytical
reconstruction methods that are based on the direct inversion
formula of the Radon transform are fast and computationally
efﬁcient but require a large number of projections. For incomplete
projection cases, the missing data usually needs to be estimated ﬁrst
using certain interpolation techniques before standard reconstruction [15]. The algebraic reconstruction methods, for example algebraic reconstruction technique (ART) [16] and its improved version
simultaneous iterative reconstruction technique (SIRT) [1], which
solve a set of equations using an iterative scheme require fewer
projection views and can deal with incomplete-data cases but lack
accuracy and speed of implementation.
In the past few decades, many techniques have been proposed
to deal with limited-data situations [17–21]. Choi et al. considered
the data-missing problem due to opaque obstructions in ultrasonic
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However, what we measured in interferometric tomography is
the projection data of the ﬁeld f(x,y) rather than its own. As a
result, some modiﬁcations are needed to solve the problem.
Doing Radon transform on both sides of Eq. (3), we get
2
3
N1
X
gðs, yÞ ¼ R½f ðx,yÞ ﬃ R½f^ ðx,yÞ ¼ R4
cj ðx,yÞcj 5,
ð4Þ
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where R½U is the Radon transform operator deﬁned in Eq. (1).
Without considering the approximation error in Eq. (3) and using
the linearity property of the Radon transform [14], Eq. (4) can be
written in the following form:

x
f(x,y)

z

N
1
X

rays
Fig. 1. Projection of a ﬁeld with an opaque object inside.

CT and proposed an iterative modiﬁcation scheme for reconstruction [22]. Medoff et al. derived iterative convolution backprojection algorithms and used a priori information to reduce streak
artifacts of the results [15]. Cha et al. proposed a complementary
ﬁeld method for ill-posed interferometric tomography problem,
which is based on the iterative reconstruction of the difference
between the real ﬁeld and its estimate [23,24]. Later Verhoeven
discussed a variety of tomographic algorithms and concluded that
the multiplicative algebraic reconstruction techniques (MART)
gave the best results for limited-data reconstruction [25,26]. More
recently, Song et al. successfully reconstructed density ﬁeld in a
hypersonic wind tunnel using a modiﬁed ART method [27] and
Mishra et al. evaluated various algebraic methods (i.e. ART, MART)
for incomplete-data reconstruction [28].
In this paper, we propose a polynomial approximation method
(PAM) for tomographic reconstruction of three-dimensional
refractive index ﬁelds from limited projection data. The proposed
method is simple, fast, robust to noise and can accurately
reconstruct refractive index ﬁelds with limited number of projection views and large opaque regions.
The organization of the paper is as follows: In Section 2 we
introduce the proposed method; in Section 3 we present some
discussions and numerical experiments that illustrate its performance; and in Section 4 we draw some conclusions.

2. Polynomial approximation method
Suppose the original two-dimensional ﬁeld f(x,y) is continuous
and smooth [23] and to ﬁnd an approximation function f^ ðx,yÞ of it,
we should try to minimize the residual function f ðx,yÞf^ ðx,yÞ, that
is,
min:f ðx,yÞf^ ðx,yÞ:2 ,

Cj ðs, yÞcj ¼ gðs, yÞ,

where Cj ðs, yÞ ¼ realine;½cj ðx,yÞ:
To determine the expansion coefﬁcients in Eq. (5), discrete
approximations of the Radon transform of the basis functions are
needed. One simple and commonly used approach is to ﬁrst
discretize the ﬁeld f(x,y) into square grids with width d and then
use a ray-tracing strategy in the refractiveless limit to calculate
projection matrices o whose elements are the contributions of
the grids to the ray integrals [2,14], as shown in Fig. 2. Accordingly, the discrete version of Eq. (5) can be written as:
N
1
X

K
X

xmk wjk cj ¼ gm , m ¼ 1,2,. . .,M,

where M is the total number of rays for all views, K is the number of
grids, omk is the length of the mth ray in the kth grid and cjk is the
value of the basis function cj in the kth grid. It should be noted that
the missing rays on the detector are not considered in Eq. (6).
Deﬁning C ¼ oc, Eq. (6) can be rewritten in the familiar
matrix form:

Wc ¼ g,

ð7Þ

where

T
c ¼ c0 c1    cN1 A RN1
h
iT
g ¼ g1 g2    gM A RM1
2
3
W1,0 W1,1    W1,N1
6
7
6 W2,0 W2,1    W2,N1 7
7 A RMN
W¼6
6 ^
7
^

^
4
5
WM,0 WM,1    WM,N1
and its element Wmj ¼ xm wj ¼

gm

gm-1

xmk wjk .

y

gm+1

f1

a solution f^ ðx,yÞ that minimizes the norm. Conveniently, the
approximation function f^ ðx,yÞ can be written as a linear combina-

fL+1

f^ ðx,yÞ

f2

fL
s

ω mk

θ

tion of N degrees of freedom of independent polynomials up to an
order n, i.e.,

cj ðx,yÞcj ,

K
P
k¼1

where :U:2 represents the Euclidean norm and min means to ﬁnd

N
1
X

ð6Þ

j¼0k¼1

ð2Þ

f^ ðx,yÞ

f ðx,yÞ ﬃ f^ ðx,yÞ ¼

ð5Þ

j¼0

x

ð3Þ

j¼0

where cj is the expansion coefﬁcient of the basis function cj(x,y)
whose order is no greater than n.
In general, the problem in Eq. (2) can be solved by leastsquares methods using discrete data of the original ﬁeld f(x,y).

fK

δ
δ

Fig. 2. Ray-tracing scheme for discrete approximations of the Radon transform.
See the text for details.
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In practice, Eq. (7) is overdetermined (i.e., more equations M
than the unknowns N) and ill-posed (due to the limited-data
nature of interferometric tomography) and has no exact solutions.
However, this does not mean that it can not be evaluated for a
meaningful solution. Similar to Eq. (2), we may ﬁnd some suitable
solutions c that give the best ﬁt to the unknown ﬁled f(x,y) by
minimize the following least-squares residual; that is
min :Wcg:2 :

ð8Þ

c

Ordinarily, the normal equations method can be directly applied
to determine the expansion coefﬁcients c [29]. However, it is not
preferred because of its instability for ill-posed problems. Therefore,
we use the truncated singular value decomposition (TSVD) method as
an alternative [26]. Mathematically, the SVD of the coefﬁcient matrix
W can be represented as

W ¼ U RVT ,

ð9Þ
MM

NN

as well as V A R
are both orthogonal matrices
where U A R
and R A RMN is a diagonal matrix whose diagonal elements s are the
singular values. According to Eqs. (7) and (9), the expansion coefﬁcients can be computed directly from the SVD
c ¼ VR þ UT g,
þ

ð10Þ
NM

is the pseudoinverse of the matrix R and its
where R A R
diagonal elements s þ are deﬁned as
(
1=si , when si 4 tsmax
si þ ¼
,
ð11Þ
0,
else
where i ¼ 1,2,. . .,minðM,NÞ, smax is the maximum singular values of
the coefﬁcient matrix W and t is a truncation parameter that
controls error.
Once the coefﬁcients are calculated using Eq. (10), they may be
immediately substituted into Eq. (3) to yield an estimate of the
true ﬁeld f(x,y). In this way, we call it the polynomial approximation method (PAM) for tomographic reconstruction with limited
data. Applying the PAM to other slices along the z-axis, the threedimensional refractive ﬁelds f(x,y,z) can be ﬁnally reconstructed.
It should be noted that the two-dimensional approximation
function f^ ðx,yÞ (Eq. (3)) can be a combination of any kind of
polynomial in theory. However, it is not so in practice. For instance,
if higher-order power series are employed as the basis functions, the
coefﬁcient matrix W will be so ill-conditioned that no valid solutions
can be expected. In fact, this is an extremely unstable process because
the coefﬁcient matrix W is related to the famous Hilbert matrix,
which is a classical example of ill-conditioned matrix [30].
To overcome this difﬁculty, orthogonal polynomials such as
Zernike polynomials, Chebyshev polynomials and Legendre polynomials that can cure the ill-conditioning of the coefﬁcient matrix
W are recommended in the PAM. As a matter of fact, the Zernike
polynomials [31,32] that are orthogonal on a unit disk were used
as the basis functions in all the examples presented below. When
written in polar coordinates as products of angular functions and
radial polynomials, they can be formulated as
9
9
>
=
Z even j ¼ ½2ðn þ 1Þ1=2 Rm
>
n ðrÞcos my
>
=
m a0 >
1=2 m
Z odd j ¼ ½2ðn þ 1Þ Rn ðrÞsin my ;
ð12Þ
>
>
>
>
ð
r
Þ
m
¼
0
Z j ¼ ½ðn þ 1Þ1=2 Rm
;
n
where j ¼ 1,2,. . .,N is a mode ordering number and
Rm
n ðrÞ ¼

ðnmÞ=2
X
s¼0

ð1Þs ðnsÞ!
rn2s
s!½ðn þ mÞ=2s!½ðnmÞ=2s!

ð13Þ

where the indices n and m are radial degree and the azimuthal
frequency, respectively, and satisfy mrn, n  9m9 ¼even. The
degrees of freedom N ¼(n þ1)(n þ2)/2.

3. Discussion and numerical results
From the above process, one may ﬁnd that the proposed PAM
is similar to the well-known ART and its improvement SIRT.
However, they differ in two aspects at least. First the PAM
employs global functions [i.e., cj(x,y)] as the basis of approximation while the ART uses a local basis (i.e., pixel basis) [16,33]. For
this reason, the reconstructed images by use of the PAM usually
look smoother than those by the ART (see the examples below).
Second since the PAM has much fewer degrees of freedom (i.e.,
unknowns) to be determined than the ART, therefore the size of
the coefﬁcient matrix W of the PAM is much smaller, which makes
it possible to use noniterative techniques to achieve faster
computation. To illustrate this difference, suppose a ﬁeld f(x,y)
is discretized into 256  256 grids. If 256 projection rays in each
of 10 projection views passing through the ﬁeld are acquired
(note that M¼ 2560) and 15 orders of orthogonal polynomials are
used as the basis functions, the degrees of freedom N ¼136 (see
Section 2) and the size of the coefﬁcient matrix W is 2560  136.
In contrast, under the same conditions, the number of unknowns
to be estimated in the ART equals the grids number (N ¼65,536)
and hence the size of the matrix W is 2560  65,536, which is 480
times bigger than that in the PAM. Note also that the equations in
the PAM are usually overdetermined (25604136) whereas those
in the ART are underdetermined (2560o65536) and this contrast
becomes more obvious for limited-data situations in interferometric tomography.
To verify the performance of the proposed PAM, we used a
synthetic function f(x,y) with 256  256 pixels to simulate a
relative refractive index ﬁeld (Fig. 3(a)) and compared the
reconstruction results of the PAM with those of the classical
simultaneous iterative reconstruction technique (SIRT) [1].
Speciﬁcally, the function f(x,y) has the following form:
f ðx,yÞ ¼ 0:03  f3ð1xÞ2 exp½x2 ðy þ1Þ2 
10ðx=5x3 y5 Þexpðx2 y2 Þ
1=3 exp½ðx þ1Þ2 y2 g  mask

ð14Þ

where  3rx,yr3 and mask is a circular aperture that equals 1 if
inside the pupil and 0 otherwise. Since f(x,y) is a dimensionless
quantity (i.e., relative refractive index), the unit in some of the
ﬁgures below is not given. Note also that a truncation parameter
t ¼0.04 was used throughout the following experiments.
Fig. 3 shows that the synthetic ﬁeld f(x,y) was successfully
reconstructed by use of the PAM from noiseless projections data.
The projection matrix g as well as the coefﬁcient matrix W
(Eq. (7)) was generated from 10 equally spaced views covering
the entire angle of 1801 with 256 rays each. Here 15 orders of
Zernike polynomials were employed to approximate the
unknown ﬁeld and the estimated 231 expansion coefﬁcients are
illustrated in Fig. 3(b). As we can see, the values of these
coefﬁcients become smaller with the increase of the mode
number j, which means that high-frequency basis functions make
little contribution to the estimated ﬁeld and thus can be discarded
within tolerance. Fig. 3(c) and (d) shows the reconstructed ﬁeld
using the estimated coefﬁcients and the proﬁles of the true ﬁeld
and its estimate in row 100, respectively. Note how close they are
except small edge distortions.
It should be noted that the reconstruction results of the PAM
depend on the value of the expansion order n due to the fact that
low-order expansions of complex ﬁelds and higher-order expansions of simple ﬁelds are both inappropriate. Some empirical
studies were performed to verify how its values inﬂuence the
ﬁnal reconstruction results. For the same ﬁeld in Fig. 3(a),
different orders (ranging from 8 to 20) of Zernike polynomials
were used to perform the approximations under the same
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Fig. 3. Reconstruction of the ﬁeld f(x,y) using noiseless projection data by the PAM: (a) synthetic ﬁeld f(x,y), (b) estimated expansion coefﬁcients c, (c) reconstructed ﬁeld
f^ ðx,yÞ using the coefﬁcients in (b), (d) proﬁles of (a) and (c) in row 100. Note that ﬁgures (a) and (c) are plotted in the same scale.

Fig. 4. RMS reconstruction errors and condition numbers of the coefﬁcient matrix
W versus the expansion order n.

conditions as the previous example (Fig. 3) and Fig. 4 shows the
change of the root mean squares (RMS) reconstruction errors
versus the expansion order n, which are calculated as
errorrms ¼

1X
ðf f^ Þ2
V V

ð15Þ

where V is the number of valid data. We can see that the RMS
reconstruction errors decline rapidly with the increase of the
value of the order n. Until here, one may think that more accurate
approximations of the desired ﬁeld can be obtained provided the
expansion order n is high enough. However, as the ill-conditioning of the matrix W grows worse rapidly with the increase of the
value of the order n (Fig. 4), the expansion coefﬁcient c will be
highly susceptible to noise. In other words, a moderate order n
that makes a compromise between the reconstruction accuracy
and robustness will be appreciated.
Fig. 5 shows the noise suppression ability of the proposed
method. The same 10 projection data was generated as before

(Fig. 3) but corrupted with uniformly distributed noise with amplitude of 75% of the maximum projection value, which results in a
signal-to-noise ration of about 18 dB. The noisy and true projections
of the view y ¼361 are shown in Fig. 5(a). Ten orders of Zernike
polynomials were utilized to approximate the unknown ﬁeld and the
estimated 66 coefﬁcients as well as the reconstructed ﬁeld are
shown in Fig. 5(b) and (c), respectively. Fig. 5(d) is the difference
between the reconstructed(Fig. 5(c)) and the original ﬁeld (Fig. 3(a)).
Note the similarity of the ﬁrst 66 coefﬁcients between Figs. 5(b) and
3(b). From this experiment, we can see that the PAM can give
satisfactory results with limited projection views and noisy data.
Finally, to investigate the performance of the PAM for the cases
with missing projection data, we also simulated an incomplete
ﬁeld by use of the same ﬁeld f(x,y) in Fig. 3(a) except a circular
opaque object with radius r ¼ 0:4r max in the center, where r max is
the maximum radius of the valid data. With the same degrees of
freedom of Zernike polynomials, projection views and amount of
noise as in the previous example (Fig. 5), the ﬁnally reconstructed
ﬁeld and its deviation from the true ﬁeld are shown in
Fig. 6(a) and (b), respectively, from which we can see that the
proposed PAM is also effective for incomplete-data cases.
For comparison, we reconstructed the same incomplete ﬁeld
under identical conditions (Fig. 5(a)) with the PAM using the SIRT
in Ref. [1] and showed the reconstructed ﬁeld as well as the error in
Fig. 6(c) and (d), separately. The total number of iterations and
relaxation factor used for the SIRT were 5000 and 0.3, respectively.
From Fig. 6(c) and (d), we may ﬁnd that the SIRT suffered from noise,
yielded less smooth images and could only give a coarse shape of the
original ﬁeld. Note that the rays passing through the opaque region
were neglected for both the SIRT and PAM and the total time used by
them was 205.9 and 42.4 s, respectively, based on a computer with
Core 2 Duo CPU of 2.1 GHz main frequency using Matlab.

4. Conclusion
We present a polynomial approximation method (PAM) for
tomographic reconstruction of refractive index ﬁelds using limited
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Fig. 5. Reconstruction of the ﬁeld in Fig. 3(a) using noisy projection data by the PAM: (a) true projections (solid line) and noisy projections (dotted line) of the view y ¼ 361,
(b) estimated expansion coefﬁcients c, (c) recovered ﬁeld f^ ðx,yÞ using the coefﬁcients in (b), (d) difference between (c) and the original ﬁeld (Fig. 3(a)). Note the similarity of
the ﬁrst 66 coefﬁcients between Figs. 5(b) and 3(b).

Fig. 6. Reconstruction of the ﬁeld f(x,y) with a hole in the center from noisy projection data: (a) and (c) reconstructed ﬁelds by the PAM and SIRT, respectively; (b) and
(d) error ﬁelds of (a) and (c), respectively.

interferometric projection data. In this method, we use a ﬁnite order
of orthogonal polynomials to approximate the original ﬁelds, construct a set of simultaneous equations using Radon transform, then
estimate the least-squares expansion coefﬁcients from the overdetermined system and ﬁnally reconstruct the ﬁeld. This is reasonable
and can achieve satisfactory results as long as the smoothness
assumption of the original ﬁeld holds. The reason that why orthogonal polynomials (instead of non-orthogonal ones) are chosen as the
basis functions is due to the fact that they generally have less
redundancy and can improve the behavior of the coefﬁcient matrix
W. Moreover, the TSVD method that can give stable numerical results
is utilized to help to deal with the ill-conditioning of the problem.
Since the proposed PAM uses global polynomials [i.e., cj(x,y)]
as the basis functions, it generally has much fewer unknowns and
can be directly implemented using noniterative methods compared with the classical ART. Meanwhile, this also makes it robust
to noise, insensitive to data-missing cases and yield smoother
images, as shown in Figs. 5 and 6. For refractive index ﬁelds with
simpler shapes, which are the typical situations in experiments,
the proposed method is promised to give more accurate results.
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